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Abstract 



We describe the complex of solutions of the algebraic Mellin trans- 
form of a P- module M in terms of the solutions of . In order to 
do that, we define a Mellin functor on sheaves. We show the Mellin 
transform of the complex of rapid decay solutions of a regular holo- 
nomic P-module M is quasi-isomorphic to the complex of solutions 
of the algebraic Mellin transform of M , the assumption of regularity 
not being necessary in the one variable case. 



Contents 

The main theorem 

1.1 Rapid decay conditions on functions 

1.2 The functor of rapid decay solutions 

1.3 Definition of the Mellin transform on sheaves 

1.4 Statement of the main theorem 



2 A finiteness theorem on solutions 

3 A result on asymptotic expansions 



The proof of the main theorem |1^ 

4.1 Construction of the kernel 3^ 

4.2 Another formulation of the Mellin transform on sheaves 

4.3 Computation of the complex OT(5oZ<°(7W)) 



Bibliography l2ll 

Acknowledgments - I offer heartfelt thanks to Michel Merle for his comments about the 
redaction of this preprint. 



*Preprint submitted to Annates de I'Institut Fourier on October 5, 2006. This work was established at 
the laboratory Jean- Alexandre Dieudonne UMR CNRS 6621 (University of Nice Sophia- Antipolis, France). 



Introduction 



Let us consider the affine space (p ^ 1) with coordinates si,...,Sp and translations 
Tj : Sj I — > Sj + 1 {j from 1 to p). We denote by C[s](r, t~^) the non-commutative C- 
algebra generated by the Sj, tj, t^^ and the relations TjSj = {sj + l)Tj (j from 1 to p). 
It is the finite difference operators algebra on C^, which is isomorphic to the Weil algebra 
D = C[t,t~^]{tdt) of polynomial differential operators on (C*)^ through the correspondence 
Tj tj and Sj <-> —tjdtj. 

The Mellin transform 9Jl(A^) of an algebraic ^(c.)? -module M. is its global sections mod- 
ule M viewed as a C[s](r, r^^), i.e. equipped with the following action of C[s](t, t~^): the 
action of Sj is the one of tjdt^ and that of Tj is the one of the left multipHcation by tj 
(F. Loeser and C. Sabbah studied this transformation in [7]). Thus, we have a functor 

m : mo^V(c-y) — >moD{c[s\{T,T-^)). 

Let 'CP j TIF be the quotient of 'CP by the group of the translations r,, the Tj = e~^"*3 the 
invariant functions and tt : — > C^ jW the canonical morphism. If Oct is the sheaf of 
analytic functions on C^, we define the complex of solutions of a finite difference module M 
by 5oZ(M) = RTiomcfsj^T -r-i) (M, TT^Ocp), where C[s](r, r"-^) and M are viewed as constant 
sheaves. It is a complex of modules over the sheaf of analytic functions Ocp/zp on CP /V. 
This is a definition similar to that of the complex of analytic solutions of a D-module M, i.e. 
the complex Sol{M) = RHotod(M, 0(0*)?), where D and M are viewed as constant sheaves. 
In 1992, C. Sabbah raised the following question: 

Question ([E], Q2 p. 374) - Can we define a Mellin transform functor on sheaves such 
that the following diagram is commutative? 

OToc)(P(c-)p) — ^ D^((C*)P, C) 

1 
I 

01! I Wl 

I 

y 

moD{C [s] (r, 1 ) ) — ^ D\mo^Ocv /I.)) 

Our way to deal with this problem is inspired by the work of B. Malgrange who solved a 
similar problem in the case of the Fourier transform (|12j.|llj). 

The classical Mellin transform being an integral transformation, it is natural to impose rapid 
decay conditions on the functions. The first step is to compactify the torus (C*)^ into the 
annulus (C*)^ which is identified with the real blowing-up of the divisor (P^)p \ (C*)^ in 
(P^)P, and to use the sheaf •A-'^^ on (C*)^ whose local sections are holomorphic on (C*)^ 

and ^°°-flat on the boundary (C*)^ \ {C*Y . Then, we define a rapid decay solutions functor 

by 

where j : (C*)^ ^ (P^)p is the inclusion and tt : (C*)^ — > (P^)p is the real blow-up described 
above. 

This functor is more selective than the classical one. For example, the complexes of solutions 
d d 

of t— and t— -\- 1 are different for the functor Sol'^'^ but equal for the functor Sol. This 

Ot Ot 

fact is very interesting because the constant function equal to 1 and the exponential function 
obviously do not play the same role in this setup. 
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The second step is the definition of the Mellin functor on sheaves. Following an idea of 
C. Sabbah ([H]) dealing with Alexander modules of a complex of sheaves T , we define the 
Mellin functor on sheaves by 

where C, is the local system of rank 1 free C[Afi, Mj"^, . . . , Mp, A/p"^] -modules on (C*)^ and 
the coordinates Ti, . . . , Tp of jV act on Rr((C^)P, T^c^) by Mf \ . . . , Afp-^ 

Then, our main theorem 11.41 states that there exists a quasi-isomorphism 
under suitable conditions for M.. 



1 The main theorem 

1.1 Rapid decay conditions on functions 

Let us consider the compact annulus C* which is the real blow-up of at and infinity. We 
denote by 5*0 and S^o the circles over and infinity of C* . 

Then, we consider the following diagram in the category of real analytic manifolds with 
boundary (see a similar diagram in [2]): 



*Y X CP 



(C*)P 





(pl) 



(C*)P X CP/ZP 



'y X CP 



(pi)P X CP 



(pi)P X CP/IJP 




92 



CP /IP 



CPjV 



Let us recall that tt : CP — > CP jV is the quotient by actions of ti, . . . , Tp. We write tt, tt, k 
and 2 instead of id x tt, tt x idc?; ^ x ^dcv and j x idcy. 
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Let us recall some notations (for example, see [16] chapter II. 1). We denote by Y any analytic 
variety. 

Let C'l^iy^Y be the sheaf of functions infinitly differentiable with respect to (P^)^' and holo- 
morphic with respect to Y, and C^i-^p^y be the subsheaf of C^i-^p^y of flat functions on 
((pi)P \ (C*)P) X Y. Likewise, let C^^^^^ be the sheaf of functions inflnitly differentiable 
with respect to (C*)p and holomorphic with respect to Y, and C^^^^^ be the subsheaf of 
C^^p^y of flat functions on ((C^)^ \ (C*)p) x Y. 
We denote by 



'^(pi)pxy ^ \^(pi}pxY ^(pi)pxy'^ 
and 

the flat Dolbeault complexes, where C^yis^p^y ^(^)pxy sheaves of inflnitly differ- 

entiable (fc, Z)-forms which are holomorphic with respect to Y. 

We have R^*C<JI^,,^ = ^*Cg^)Pxy = ^(^Vxr ED- 

Thus, for all (kj), we have Rir^v'^^^^^^ ^ n^p'^^^^^^ = V^piy^y- 



Then, we define 



It is the subsheaf of C^i^jp^^ whose local sections are holomorphic on (C*)^ x Y, namely the 

sheaf on (C*)^ x Y made up of holomorphic functions with rapid decay condition regarding 
each tj in angular sectors along the circles at and at infinity, uniformly relative to the 
Sj on any compact. 

Thus, we get the resolution (T'l^, ,,,^) of A"^, in the category of D-modules (IHI). 
The morphism tt being a covering, we also have a quasi-isomorphim of complexes of D- 
modules 

TT - (tt V^'' B] 



••)PxCP \ (C*)PxCP' 

In the continuation, the space Y will be C^, 'CP jV or a point, and in this case, we will 
identify (C^)^ x {*} with (C*)p. 

1.2 The functor of rapid decay solutions 

Definition 1.1 The junctor of rapid decay holomorphic solutions of an algebraic P(c.)p- 
module is 

Sol<° : 97lo5(2?(c.)p) — > D''{{C*)p,C) 
where (j+A^)"" is the analytised of j+AA. 

The morphism j being the inclusion of an open affine space, we get j+M. = Rj*A^ = j*A^ 
(for example, see [1]). Thus, we get 

Sol<\M) = R7^om^-ip.. (^-^(j.A^)''", 

(pJ-)P \ \y ) 
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Lemma 1.2 For any algebraic V^^.-^p -module A4, whose module of global sections is denoted 
by M, we have 

Sol<\M) = KHomj,{M,A<^^^) 
where D and M are viewed as constant sheaves. 

Proof : The module M. being coherent on the affine space (C*)'', we have easily that 

Thanks to the adjonction of the tensor product and the functor IlHo?7i, we have 

Sol<°{M) = RHomD(M,RHom^-ip.„^^(7f-i(j;P(c.)p)"\^<j^^j) 

The sheaf (j*2?(c.)p)°" is a locally free P^j^i^p-module of rank 1: in a neighbourhood of a 
point t° = {0,...,0,(x,,...,oo, tr+i, . . . , tp) G {0}' X {ooY^^ x (C*)?'-'^ C (Pi)^, we have 



l,J*^(C*)pJto — i^(pi)p_tO 

and there exists a morphism 



1 1 

~J~ 1 ■ ■ ■ T T ^ ^1 + 1 J ■ ■ ■ T^r 

tl tl 



defined by u{l) = 1 = — ?_ Jii 

U+l ■ ■ - tr tl ■ ■ - tl 

In a neig hbourhood of 9° = (Oi, ... ,61,61+1, ... ,0r,tr+i, ... ,tp) e Tf-'^{t°), proving that 
is an isomorphism amounts to showing that 
is an isomorphism. 

Now, u* being defined hy u* : tp 1 — > ipou{l) = ip{l) and the morphism (p being defined by 
93(1), u* is an isomorphism. 

Finally, let us state precisely the structure of D-module : 

u*{tjdt^.ip) = {tjdt^.ip){l) = (p{l.tjdt^) = ifiitjdt^) = tjdt^ifiil) = tjdt^u*{ip) 

U*{tj.Lp) = {tj.Lp){l) = ^{l.tj) = Lp{tj) = tjLp{l) = tjU*{ip) 

□ 
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1.3 Definition of the Mellin transform on sheaves 

Such a transformation was already studied by 0. Gabber and F. Loeser in the £-adic case 
C. Sabbah also announces a definition in the complex case ([H])- In definition II .Sf 
we give an adaptation to our case. 

Let us denote by q : (C*)p — > (C*)^ the universal covering of (C*)^, and 

C[M, Ar^] ^ C[Mi, A/f \ . . . , Mp, Af-i] 

C[r, = C[Ti, Tf 1, . . . , Tp, T-i] 

Let C = q\q~^C(jy^y be the natural local system of rank 1 free C[M, M~^]-modules on (C*)p, 
where multiplications by the Mj are monodromies around the coordinates hyperplans. 

Definition 1.3 The Mellin transform functor on sheaves is 

T ^ RV(^Y, T ®c C) [p] (^c[T,T-i] OcP/zp 
where Tj acts on RT (^{C^)p , T ®c ^) by MJ^ . 

If T is an object of £'''((C*)p, C) with M-constructible cohomology sheaves, then 9Jl(jr) is a 
complex of Ocp/z? -modules with coherent cohomology. 

1.4 Statement of the main theorem 

The commutation theorem we want to prove is the following: 

Theorem 1.4 For any coherent algebraic Vf^Qty -module M., such that Sol^^{M.)\^^,^^ has 
C- constructive cohomology and Sol'^^{Ai)\^-^y^^^,y has M.- constructive cohomology, there 
exists a canonical isomorphism in D^{dJlo'(3{Ocp /zp)) 

A classical result in the theory of P-modules sets that, if M is an holonomic X'(c-)p -module 
which is regular at {F^y\{C*)P , then the complex Sol'^"{M) has C-constructible cohomology 
sheaves. 

In the one variable case, if we abstain from the regularity, we know the following result 
([12], [17]): for any holonomic Pc*-iiiodule, the restriction of the complex Sol^'^{Ai) to C* 
has C-constructible cohomology, and its restriction to C*\C* has K-constructible cohomology. 
Thanks to these results, we get the following corollary: 

Corollary 1.5 // one of the two following assumptions holds 

• M is an holonomic V^^ty -module which is regular at {¥^Y \ [<C*Y 

• for p =\, is an holonomic -module 

then there exists a canonical isomorphism in £'''(37loc)(C'cp/Zp)) 

m(Sol<^{M)) ^Sol{m{M)) 
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There also exists a conjecture stating that, if M is an holonomic P(c.)p-module, then the 
complex 5o^^°(A^) has C-constructible cohomology sheaves for any integer p ^ 1. It is well 
known on (C*)^ ([5],[13]) but not on the divisor at infinity. So, we can formulate the conjec- 
ture: 

Conjecture - For any holonomic coherent algebraic V^^i^.y -module A4, there exists a canon- 
ical isomorphism in D''(971oc)(C'cp/zp)) 

m(^Sol<"{M)) ^Sol(m{M) 

2 A finiteness theorem on solutions 

The aim of this section is to prove our second theorem which is useful in the proof of theorem 
11.41 but also interesting by itself . 

Theorem 2.1 Consider a coherent algebraic V^^^-y -module M. We denote its module of 
global sections by M. Then, if RT-Com-£,{M,A^^^) has C-constructible cohomology on (C*)^ 

and M.- constructive cohomology on (C*)^, we have a canonical isomorphism in (dJlo'C){Ocp /^p)) 

where D and M are viewed as constant sheaves. 

Let us prove this result. There exists a canonical morphism 
RHomD(M,ri-U<^^J 0C r^'Ocv/zp 

^ RHomD(M,ri-Ug,^^ ®C r^^OcP/zp) 
which is an isomorphism because M is a finitely presented D-module. 

It is now sufficient to prove that the canonical morphism 

RHo,7iD(M,ri-U<^^^ ®C r^'OcP/zp) ^ RHo,71d(M, ^<^^^^^^/^J 



is a quasi-isomorphism when the hypothesis of the theorem |2. II is satisfied. 

On a free resolution of the D-module M, the stalk at a point a;° = e°j, t°, r°) e (SoY x 

{S^y X (^C*)n,-,P}V0J X CP/ZP of the previous morphism is written 

. iA<l,^ OcP/zp)7 ^ . . . ^ (Afl^, He Ocp/^pY:^ — • • ■ 



U ^ {C'')P xCp /ZP ,x° ' ^"^ ^ {C-)p-kCp/Zp,x°' 

where the '^j are matrices with entries in D. 

The complex R'HomD(M, has constructible cohomology sheaves. Then, the stalks of 



the latter are finite dimensional complex vector spaces. 
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Let us prove that $o induces an isomorphism on cohomology 



Let us recall the following notations: 

= T^"i . . . T^P and (T - r°)" = (Ti - T^)°'' ■ ■ ■ {Tp - T^)"" 

for all a = (ai, . . . , ap) G and for all = (TVi, . . . , Np) € Np. 

For all {0,e) = {9i, . . . ,6q,ei, . . . ,eq) G (M^)^, let us denote by Do{0,e) the polysector 
< , |Arg(<j)-6ij| < ej and Doo{0,e) the polysector J|{|t,| > - , |Arg(ti) - 6*;! < 

The morphism $o is the inclusion. Let us show that g = {gi, . . . , J g (^|^^^^^^^^^ ^ J™o 
such that *o(,9) = is an element of {A<^^^ Ocp/zp)"o°. 

All sections / e ^;|^).,cp/zp,.o' = (0?, ^1}, t", T") e {SoV xiS^Y xiC*)i''-^P^\'^'' x 
CP/ZP, are holomorphic in an open set Do{9°j,ei) x D^{e%ej) x W° x V°, W° being an 
open neighbourhood of and V° an open neighbourhood of a compact polydisc D{T^, R) = 
D{T°,Ri) X ■■■ X D{T^,Rp) with center and polyradius R G (R;)p. 

Lemma 2.2 All function f G -^(f^-jp^cp/zp 1° defined in an open set described above expands 
into 

qGNp 

and |Tj < 

T/iis series converge normally, namely 

V/v C compact, ^ IkallSi^'' < +oo 

a6NP 

/or p = (pi, . . . , pp) G SMc/z i/zai pj < Rj for all j = 1, . . . ,p, and where \\ — is the 

norm of the uniform convergence in Do{0j,ei) x Doo{0'j, ej) x K. 

Proof : thanks to Cauchy formula, we have for all {t,T) G Da{9°,ei) x Doo{Oj,£j) x W'^ x 
D{T°,R): 



In writing 



(^1 - • • • (Cp - Tp) - ^ (a - TO)'=.+i ■■■i^p- ro)^p+i 



and noting 
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we get 



fit, T)= J2 - ^1°)'^ ■■■(Tp- T^P 



ki . . ,kjj^(} 



By domination, the Uki,...,kp are holomorphic. 

To get the rapid decay condition of the Uki^...^kp, we use that of /. Let be a compact 
contained in W° . For all t e Do{9"j,e,,) x Doo(^j, Ej) x K: 



|ufci,...,fcp(i)| < 



1 



{2n)P 
1 



(27r)»' 
1 



fcl + l r)fep + 



(27r)P 



C 



Rp 



-d^ ■ ■ ■ rfCp 



rI'-'-rI" rijejl^: 



I AT, 



for all TV = {Nk)keiuJ e N^^'^, the constant Cn > depending on N. 

The convergence of the series results from this. For all p E (]R!j_)P such that pj < Rj for all 
j = 1, . . . ,p, we get: 



VA' C W" compact, ^ 



loo P ^ 2^ T>a 



R-U 



3&J 



□ 



Thanks to this lemma, we can expand g: 

g= J2 uUT-T'^r 

q6Np 

where Ua = {u\, . . . ,u^°) G [A^^^ ^o'^)'^° ■ However, the morphism utilizing 
only differential operators independent of the variable T, we know that 5*0 (ff) = implies 
^oiua) = for all a S N^. But, by assumption, the vector space (ker ^'o)(eo go ^o) is finite 
dimensional. In writing /i, . . . , a basis of the latter, there exists A", . . . , AJ| G C such that 

"a = A?/i + • • • + A2/d 

Then,wegetg = E„eNp Uo^-iT-T^T = Y.c.m^Yl=iKfk{T-T°r ^Y1=i {fkE^eN. KiT~ 

It remains to be shown that the series X^asNp '^ki'^ ~ converge. For that, let us show 
thanks to the following lemma we know to control the |A^| using ||wa||^'^- 
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Lemma 2.3 There exists C > such that for all k = 1, . . . ,c? and all a £ N^, we have 

Proof : Let || — ||oo./ be the norm on E = Vect(/i, . . . , /d) defined as follows: if 5 = 
oi/i + ■ • • + o-dfd G E where ai, . . . , £ C, we note 

llffllooj := sup \ak\ 

k=l,...,d 

Then |A^| ^ IjitcHoo j ^ C||uq||^^'^ for all fc = 1, . . . , d, because of the finite dimension of i?. 

□ 



Thanks to this lemma, for \Tj —T^\ = Pj < Rj, we get 

The convergence of this last term is guaranteed by lemma 12.21 

Let us prove that induces an isomorphism on cohomology 

Let us denote by [g] the class of an element of the target, and [[g]] the class of an element of 
the source. 

Let /i, . . . , /d e (■^[^)p (go go (0))™' such that [/i], . . . , [fd] is a basis of the vector space 

Let g = {gi, . . .,gmi) G (■^[^)pxCp/Zp,xo)'"' • Thanks to lemma[2Jl let us expand g into 

g= uUT-T^r 
where u„ (u^, . . . £ (-4^)^,(60 eo^^o))™' • Then, let us write: 

d 

aeNP A:=l 

= 5^ vi/,_iK)(r-Tr+E/^ E ^^(^-^")" 



where G (-^fi^jp^cp/zp^.o)"'-^ ■ Thus, we get EasNp - T")" G Im(vl/,_i)- 

Then, the morphism induces a surjection on the cohomology groups. Indeed, we have 

d 

[5] = [ E *z-iK)(T-T«r] + [E/^ E 

aSNP k=l qSNp 

= [o] + E[^ E ^^(^-^")" 

fc=l aeNP 

= */(E[[M] E >^UT-Ty 



k=l a& 
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Now, let us prove that <i>; induces an injection on the cohomology groups. Let us assume that 
^i{Et=iiEo.en.KiT-T"r)[[U]]) = [0], namely [EaeN.Cti ^feAOl^ - T^] = M, 
namely EaeNp(Efc=i Kfk)(T - T")" e Im^i-i, thus ELi ^fcA ^ Im^i-i for all a e W. 
We get [0] - [eLi ^fc/fe] = ELi ^fc [A] then = for all aeW because the [fk] are 
linearly independent on C. Then, we get Et=iiEaem KiT ~ ^ [[0]]. 



3 A result on asymptotic expansions 

The aim of this section is to prove the following two results (propositions 13.11 and I3.2p . In 

order to achieve that, we consider the locally integrable function K : 1 1 — > on C* 

2i7r(t — 1) 

which we regard as distribution relative to the Haar measure of the multiplicative group C* . 
We denote by K * f the partial convolution product relative to the variable t, namely 



1 



1 

A 



Proposition 3.1 There exists an exact sequence of D-modules 

e or [Mill] ^ Tr^oriii] 



<0 



((72 o 7r)^C<i 



xC 



((?2 o 7r)^C<L 



xC 



where the image of f by e is the asymptotic expansions of K * f at and infinity, and where 
t and tdt act by t and t-^ s — 1. 
Moreover: e o (rt~^ — 1) = {rt^^ ~ 1) o e. 



Let us state an analogue of proposition [3TT] with parameters. This proposition will be useful 
in the proof of the main theorem: 

Proposition 3.2 For any subset I of {1, . . . ,p}, let us denote 

For all disjoint subsets I,Jc {1, • . • the operator df. {j ^ I U J) on 



<o 
u./ 



t:, 



r 1 



WuJ 



ti 



leJ 



1 



is injective and its cokernel is the direct sum of 



r'<0 

Wu,/u{j} 



1 

tj,ti, — 
tj 



1 1 



til tj 



leJ 



tj,ti 



r 1 1 

tj ' tj ' 



/7<0 

" '"/U,/U{j} 



r 1 



tj,ti, tj 



and 



r'<0 

Wujub} 



1 1 

tj tj. 



, T^J, tj 
tl 



IUJU{]} 



ieJu{j} 



ti 



1 

^7' 



.tj,tj 



/7<0 



1 1 

tJ ' tJ 



tl,tj, tJ 
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// e is the morphism into the cokernel of this action, the image of f by e is the asymptotic 
expansions of K * f atQ and infinity relative to the variable tj [j ^ lU J), and where tk and 
tkdt^ act by tk and tk-^ - Sk - 1. 
Moreover: e o {rkf^^ ~ 1) = {^ktZ^ — 1) o e. 

The proof of this proposition is similar to that of 13.11 The only point to be checked is the 
rapid decay condition of the coefficients of the asymptotic expansions, which we explicitly 
compute in the lemma [331 Thus, this checking is immediate. 
Let us prove the proposition l3.ll 



Lemma 3.3 For any section f of ((72 ° ^)*^pi'xC' convolution product K * f exists and 
has asymptotic expansions at and at infinity which are respectively 



Moreover, e is a morphism of D-modules, i.e. for any section f of {q2 o 'K)^Cp^^, we have 



:{it^^-s-l)f)=it--s-l)eif). 



Proof : For any section / of (92 ° '^)*^pi'xc^ convolution product K * f is well defined 
because of the rapid decay condition of /. 



Let us prove that if * / has an asymptotic expansion at infinity. In writing ^ = - 

1 



, ? ^ tk 

1 - - fc=0 



Cn+l 



^""""^ , the convolution product K * / is 

1 - - 

t 



The integrals J ^''/(C, s)y A y are finite. 

It is the same for / — A in cuting out this integral as follows 



i 



C'n{|e-t|s;|t|} 1-f ? S. JcT,{\i-t\>\t\} I-7 ? S. 

€ C when \t\ 



1-1 c I 



there exists C independent from t such that 

sufficiently large and s in a compact. Thus, the asymptotic expansion oi K * f at infinity is 

+00 



Likewise, we get the asymptotic expansion of K * f at 0. 

Now, let us denote by DAoo{g) and DAQ{g) the asymptotic expansions of a section g at 



12 



infinity and at 0, and let us prove that £(^{t-§^ — s — 1)/^ = {t^ — s — l)e(/). 

= — ( ^-^ — )d^AdS_— k = — ^ — d^Ad^ and using the Stokes theorem to show 

C Jc C Jc ^ 

that / 4(i^KAde = 0,weget/ ^^'^^il?, = -fc / em^s^A^^ 



for fc ^ 0, thus 

+ CXD 



1 



and finally DA^ (^K*{t^^-s- 1)/) = (f^ - s - l)DAUK * /). 

Likewise, we get DAo(k * (t^ - s - 1)/) = (t^ - .s - l)DAo{K * /). 

Thus - ,s - 1)/) ={t§-^-s- !)£(/)• □ 

Now, we can prove the proposition 13.11 



First step: thanks to lemme ^31 the image of e in contained in ri , / x r i • 

Moreover, we get easily e(^{Tt^^ — 1)/^ = [Tt^^ ^ in the quotients above. 

dK 

Second step: If we denote by Si the Dirac distribution at < = 1, we have -—^ = Si. Thus, 

ot 

dK d / 

for any section / of ((72 °^)*C^i°xC' S^t / = * f = K * and the morphism 

('72 o — ^ ((72 o 7r)^C<i°^j, is injective. 
d 

Moreover, we have / ~ q^^^ * •^)- Thus, thanks to preceeding injectivity, / is an element of 
the image of this morphism if and only if if * / satisfy the rapid decay condition at and at 
infinity, i.e. f £ Ker{e). 

Third step: It remains to be shown that e is surjective. Let 70 and 700 be sections of 

an!l^ ® — mani ' thanks to Borel theorem (see [12j p. 62 or [lOJ or [14] J, there 

exists two functions go and goo which are C°° in t on (and holomorphic locally in s) 
and which have respectively 70 for asymptotic expansion at 0, and gammaoa for asymptotic 
expansion at infinity. Then there exists a function g which is C°° in t on (and holomorphic 
locally in s) and such that 70 and 700 are the asymptotic expansions of g at and infinity. 

d 

The section is a section of {q2 o -k) ^C^^^^ because i don't appear in the asymptotic 

expansions of g. Moreover, K * —= ~ * 9 = 9- Thus, the asymptotic expansions of 

ot ot 
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to do that, let us consider the natural D-module structure on the sheaf O = fc^Tr^O^^'.jp^j^p 



K * are those of g, i.e. 70 and 7tx), and is an antecedent of (70,700) by e. 

4 The proof of the main theorem 

In this section, we prove the theorem 11.41 
4.1 Construction of the kernel £^ 

We denote by D the non-commutative C-algebra D[si, . . . , Sp]{Ti,Ti~^ , . . . ,Tp,T~^) generated 
by the tj, tj^, tjdt^, Sj, tj, {j from 1 to p) and the relations 

First of all, let us define a sheaf ^ which plays the role of the Mellin transform kernel. In order 
to do that, let us consider the natural D-mc 

Definition 4.1 Let T'^+^ be the D-module 

D 

^i^^&ti ^ '^1 ^ ■ ■ ■ I ^Pdt^ ~ — 1, Tit-^ — 1, ... , Tptp — 1^ 

The sheaf is defined as 

where D and T''+^ are constant sheaves on (C*)^ x £P jV . 

Locally on (C*)^ x <U> jlP , we can choose a determination of t^+i = if +^ • • • tl"^^ . A local 
section of 3' consists of the data of a local section 93 of O which satisfies the equations defining 
T*+^. Consequently, !7 is the r^^Ocp/zp -module r^^Oi^v jip.t^^'^ C O. In particular, we get: 

Property 4.2 Following the terminology of Deligne (JBS), the sheaf on (C*)^ x C/Z^ 
is a relative local system of rank 1 free r2^0cp/xp -modules, i.e. on any open set U x V 
sufficiently small, there exists an isomorphism ^P'luxv — r^^Oy- 

Following results of Deligne ([3]), there is an equivalence between the category of relative 
local systems of r^^Ocp/zp-modules on (C*)p x C^/Zp and that of Ocp/zp K ((C*)p)] - 
modules. If we denote C[7ri ((C*)^)] = C[M,M'^] where M = (Mi,...,Mp), we get 
C?Cp/zph((C^)f)] = Ocp/zp[M,Af"i]. 
Since 

.gO"l(si+l) . . . gO-p(Sp + l) _ y-lgO-l(si+l) . . . gO"p(Sp + l) 

j 
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the sheaf 3' corresponds to the O^-p jip [M, M ^]-module O^v j-if on which Mj acts by the 
multipHcation by T^"^, via the equivalence recalled above. 

We consider the constant sheaf of rings C[T, T^^\ on 'CP jV as a subsheaf of Opp jip. We still 
denote by C[r, T~^\ its inverse image by r2 and T2 o q. 

Let us recall that L is the natural local system of rank 1 free C[M, M~-'^]-modules on (C*)^ 
defined in section fOl i.e. q\q~^'S^(fy:y Via the equivalence recalled above, the sheaf r^^C 

equipped with the trivial structure of r^^Ocp/z? -module corresponds to the C[M, M~-^]- 
module C[T, T~^] on which Mj acts by the multiplication by 

Likewise, r2^0cp/zp corresponds to the Ocp/zp [Af, A/^^]-module Ocp/z? on which Mj acts 
byl. 

We deduce from it that the ^Opp/^p -module ®c[t,t-i] '"2 ^^Cp/zp corresponds to 

the C'cp/Zp[A'/, M-^]-module C[T,T-i] ®c[t,t-i] Ocp/zp on which Mj acts by Mj.{a®h) = 
T-^a 16 = T^^a ® 6 = a ® T~^b. 

Now, let us note this isomorphism in the category of Ocp/zp [A/, Af ^^]-modules: 

C[T, T"-^] (g)C[T,T-i] Ccp/Zp > Ocp/Zp (H) 

10/ ^ / 

where, Mj acts by the multiplication by on Ocp/z? and by the multiplication by 
on the factor C[T,T~'^] of the term <C[T,T~^] (>5c[t,t-i] C'cp/zp- 

Via the equivalence recalled above, this isomorphism corresponds to an isomorphism in the 
category of relative local systems of Tj^^Ocp/zp -modules 

rj-i£ ®C[T,T-i] r^^Ocp/zp ^ 3 (tttt) 

or 

^£ (gc r^^Ocp/Zp ~ ^ 
(MiTi-l,...,A^prp-l) ^ 

However, let us note that if we compose (jj) with the multiplication by a unit T" (o? € V) of 
C[r, T~^], we get an other isomorphism 

c[r, r~^] (g)c[T,T-i] ^^cp/zp — ^ c'cp/zp 

Thus, the isomorphism (jJtl) is not unique. 



4.2 Another formulation of the Mellin transform on sheaves 

The definition of the Mellin transform of a sheaf T in 11.31 is an algebraic definition: it uses 
the Alexander modules of T which are C[r, T~^]-modules. In the proof of theorem II. 4^ we 
will use a more analytic formulation which translates better than the former one the classical 
definiton of the integral Mellin transform. 

Proposition 4.3 For any object T in D^{{C*)p ,C) , we have 
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Proof : Let us calculate: 

, L _ 

= Rr2^{r^ (-^ ®c -C) ®c[T,T-i] ^2 C>cp/zp) 

L 

®c[T,T-i] Ccp/zp because r2 is proper 
= Rr((C^)P, T h)c -C) ®c[T,T-i] Ccp/zf 

□ 



4.3 Computation of the complex 9Jl(5o/<°(7Vl)) 

Proposition 4.4 For any coherent algebraic V^^.-^p -module M, such that Sol^^{J^)\^^^y 
has C-constructible cohomology and Sol^^{A4)\^^y^i^^,y has M-constructible cohomology, 
and whose module of global sections is denoted by M, there exists a canonical isomorphism 
in D^modiOcp/zp)) 

miSol<'iM)) - Rnomu(M, Rr,M<^^^^^^ ®r-^o,pr.p W 

dg 

where tjdtj acts by tjdt^ -git, T) w = tj — — {t, ® lo on the sheaf 

Otj 

^^^*^'^{—)PxCP/ZP ®r-^OcP/zP 

Proof : thanks to proposition 14.31 and the lemma [L2l we get 

97l(5o;<°(X)) ^ Rr2,(rfiR7iomD(M,^<^^J 0C [p] 

On the one hand, we have a canonical isomorphism 
ri-iRHomD(M,^<^jJ ®C ^ 

and, thanks to theorem l2.H we get a canonical isomorphism 

ri-^RHomD(M,^<iLjJ ®c ^ ^ RHomD(M, ^gL^^^^^^^J ^ 
On the other hand, we have a canonical isomorphism 

'^^-'^^^^^^mPxCPlS®r-^0,P,.P ^ 

= ^^'^^'^(^'■^mP.CP/ZP ®r-^O.P,.P ^) 

where the action of D on ^"i^^, ^ _ is the action only on ^1*^5- ^ _ . 

(C*)pxCp/Zp Ocp/zp (C*)pxCp/Zp 

Finally, we get the wished isomorphism by applying the functor Rr2*(— )[p] and noting that 
Rr2.RHomD(M,^<iL^^^^^/^^ ®.-OeP,.P 

= I^^«-d(M'I^^2*(-^S^)pxCp/Zp ®..-OeP,.P ^)) 
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because D and M are constant sheaves. □ 



However, we can express the D-module Ilr2t:(A^, ^ ,^ ^^-Vo ■3^) where tjOt acts 
by tjdtj -gitjT) ^ uj = tj— — (i, T) Cg) w in another way. 

Otj 

4.3.1 Solving a system of difference equations 

Let us consider the injection 

(C*)PxCP/ZP Ocp/zp *-^(C*)pxCp 

gih, ...,tp,Ti,...,Tp)<i^uj I ^g{h, . . . ,tp, e'^-^i , . . . , e-^'^'-)u; 

where all sections are viewed as sections of A:*7r*0™.^p^pp. 

The injection i is a morphism of D-modules where tjdt^ acts on "'♦-^^-jp^cp by the derivation 
d 

tj— s, — 1 and the struture of D-module of „ ^^-Vo ^ is that given to 

■' dtj (C*)pxCp/Zp ^-2 OcP/'£P ° 

the proposition 14.41 Indeed, by definition of we know that tj— — — (sj + l)uj for any 

atj 

section u of and: 



itj^-s,~l)i{git,T)®io) 



d 

(tj-Qf^ - sj - '^)-g{t,T)u 



- ^{tj^{LT)®u)) 
= ^itjdt' ■ 9{t,T)<E>uj)) 

Let IC'{Tit^^ — 1, . . . ,Tptp^ — 1; 7r*^^^p^j_,p) be the Koszul complex where the degree is 
placed on the left. 

Proposition 4.5 There is an isomorphism in the category of D-modules: 

^'{Tlti ^ - 1, ■ • -.Tptp ^ - l;'^*-^^)pxcp) ~ '^(i^)PxCP/ZP ®r-^OcP/i.P ^ 



d 

where tjdtj acts on the Koszul complex by the derivation ^j'q^ ~ ■^j ~ 1 o-'nd the struture of 



D-module of A^^, „ ,^ ^ is that qiven to the propositic 

Proof : This Koszul complex is viewed as the total complex associated with the complex 
of order p constituted of the p complexes ["'♦"^(c*)" xCp ~ — ^ xCp^ ' ^^'^ proceed 

by induction. 
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For that, let us establish some notations. If / is a subset of {1, . . . ,p}, let us denote T^+^ 

and 



Let us treat the initial case: the morphism 

* (C*)PxCP * (C*)PxCP 

is surjective and, by definition of ^{i}, its kernel is 

To establish the surjectivity, we consider the stalk at a point (to, To) and, if g is a section 
of {-K^A^^^i^to^To)! we look for u in {■K^A^^^(ta^To) such that (rt^^ - l)u = g. In writing 
V := t~'^~^u, we just have to prove the surjectivity of 



4<o (^i-ij- A<0 
^C^xC *'^~xC 



rapid decay conditions being preserved through f^^. 
We treat this last problem on small open sets. 

Let us continue the induction. 

The sheaf ^ is a relative local system of rank 1 free rj^^Ocp/zp-modules. It is locally 
generated by a determination of ty~^^. 

Now, let us denote / = {1, . . . , j — 1} C {1, ... ,p — 1} and J = {j, . . . ,p}. 
As above, the image of the injective natural morphism 

*"^(C^)Px(C/Z)^u{j}xC'A{3} ^r^^OcP/zP ^ " *"^(C^)p x (C/Z)^ xC-' 

ait, r.ufa-}, ® io I ^ 5(t, Ti, e"'^"-^^- , sj\yy)Lu 

is the kernel of the surjective morphism 

TT A<± i-^jt-'-l). 

* (C*)Px(C/Z)^xC'^ * (C*)Px(C/Z)^xC-^ 

However, ^ and J^j} being locally r^"'^C'(c/z)p-free, we get 

and the functor — (i^r^^Ofc/zip exact. Thus, the image of the injective natural morphism 

'^*"^(C^)Px(C/Z)fJ{3}xC'A{3} ®r-^Ocp/xP ■^I'~>{j}'^ ^ '^*-^^)px(C/Z)' xC-' ®r-^Ocp/i.p 
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is the kernel of the surjective morphism 

TT A<° (5?) 1 . TT C?) , "TV 

'^*'^(C^)Px(C/Z)^xC-^ ^r-a" Ocp/sp ^ '^*'^(C^)p x (C/Z)^ xC-' ^r^-iOcP/sP ^^-^ 



□ 



4.3.2 Computation of Rr2,/C'(riff ^ - 1, . . . , - 1; ^,^<iL^^^^J 

Let us denote 



with the structure of D-module recalled above. 

By section [LTI we consider the Dolbeault resolution Tr^,A^, „ = tt^P^-^^, ^ which is 
r2*-acycHc. Thus, 

/C - Tot' [iC'int-' - 1, ... , Tpt;i - 1; (r2 o 7r),P°j^ 

In writing (r2 o tt)^ = (92 o 7r)^7f*, we get 



(C*)pxCJ" 



/C ^ Tot' (/C'(Titi 1 - 1, . . . , Tpip 1 - 1; (g2 o Trj^T'^p^p^cp" 

In the continuation, if A is a set of indices and R a ring, let i?[[iA]] be the ring of formal 
power series with all variables tx (A G A). 
Let us denote 



VA 



I.J 



1 

ti,- 

■ tj_ 



1 



J2 {ti)n*Ocp 



leJ 



ti 



rr 1 



ti,tj 



for all partitions (eventually trivial) IY1J= {l,...,p}, and 

VA = ^VAi,j 

I, J 

where the direct sum is done with all partitions (eventually trivial) I]J J = {I, . . . ,p} . 
We get: 

Lemma 4.6 There exists an isomorphism 

(92 o 7r)^7'°pt)p^j.p = VA [-p] 



in the category of complexes of D-modules, where tj and tjdt. act by tj and tj 



Si — 1. 



Proof : We have iq2 ° '^)^'P°^*y^^^ = IC'{dt\, ■ . ■ ,dty,{q2 o '!r)^C^1-^p^c^). ^^^^ Koszul 
complex is viewed as the total complex associated with the complex of order p constituted 
of the p complexes 



[(92 o 7r),C(pi^p^j,p — ((72 o 7r)^C(pi)p^j,j, 
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and we proceed by induction thanks to proposition 13.21 □ 
Hence, we get 

JC = JC'{Tit^^ - 1, ... , Tpt-^ - 1; VA) [~p] 

i.e. 

/C - /c' l^ntr' - 1, ... , Tpt;' ~ 1; VAij^ [~p] 

in the category of complexes of D-modules, where the direct sum is done with all partitions 
(eventually trivial) I]JJ={l,...,p}. 
Let us simplify this complex. 

Lemma 4.7 If J =/= 9 then 

K.' I^nt-i - 1, . . . ,Tp<p 1 - 1; P^/„/j = 
Proof : Let us fix a nonempty set J. 

This Koszul complex is viewed as the total complex associated with the complex of order p 

constituted of the p complexes [DAij ^ VAjj] which we calculate a variable 

• 

after the other. 
Let m be max(J). 
Case A : m = p 

oo 

Let us denote by ^ — ^ a section of VAjj. In this quotient, we get 



n=0 ^ 



Tptp ^ - 1) X! = + 



oo 

'^p^n — 1 



n=0 P n=l P 



Hence, the action of Tpt^ ^ — 1 on VAij is bijective and we get 

/C'(riir\...,T-p_it;^i-l;0) = 

Case B : m < p 

oo 

Let us denote by ^ bntp" a section of VAij. In this quotient, we get 



n=l 



{Tptp ^ — 1) ^ 6„tp" = ^(rp&„+i — 6„)ip" 

n— 1 n— 1 

Hence, the action of Tpi~^ — 1 on VAij is surjective and its kernel is VAi-{p}j. 
Thus, the searched complex is 
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By reiterating the process, we get 

which we treat as the case A because m — niax(J). Hence, the searched complex is null. □ 
However, if J = 0, we get: 

Lemma 4.8 There exists an isomorphism of complexes of D-modules 



1 1 

7r,Ccp ti, . . . ,tp 



ti tp 



tl , . . . ^ tp 



where tj and tjdt^ act on the left-hand side by tj and tj-^ ~ sj — 1, and on the right-hand 
side by Tj and —sj. 

Proof : It is sufficient to apply p times the computation of the case B of the lemma 14.71 
Hence, the Koszul complex is isomorphic to its 0*'^ cohomology group, i.e. tt^O^", via the 
application bat°' i — > 

ae(N\{0})P 

Moreover, an easy checking shows that the actions of tj and tj ^ ~Sj~l become respectively 
the actions of Tj and —sj via this morphism. □ 



Hence, we get the isomorphism of D-modules 

IC[p] = n^Ocp 

where tj and tjOt^ act on the left-hand side by tj and tj-^ — Sj — 1, and on the right-hand 
side by Tj and —Sj. 

4.3.3 The end of the proof of theorem 11.41 

Thanks to proposition 14.41 and the preceeding paragraphs, we get 

m{Sol<^{M)) = R7^omD(M,/C)[p] ^ R7^omD(M, tt^Ocp) 
where tj and tjdt- act on tt^Ocp by Tj and — Sj. 

Hence, we get 

m{Sol<°{M)) = R7^omc[.](r,r-i)(an(7W),7r,Ocp) 
dans D''{mioD{OcP/zp))- 
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